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Abstract 

The Green-Siegel central extension of superalgebras for BPS branes is studied. 
In these cases commutators of usual bosonic brane charges only with the broken 
supersymmetry charges allow this central extension. We present an interpretation 
of these fermionic central charges as fermionic brane charges, and show that they 
take nonzero values for a nontrivial fermionic boundary condition. Such fermionic 
coordinates solutions are determined by equations of motion in a suitable gauge 
condition which manifests Nambu-Goldstone fermionic modes as well as bosonic 
modes in the static gauge. We also show that some modes of dilatino fields couple 
with the fermionic brane currents. 
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1 Introduction 



For supersymmetric theories superalgebras are powerful tool to explore non-perturbative 
aspects about BPS states 0, About a decade ago Green showed the possibility of 
the central extension of the Super- Poincare algebra where the momentum charge does 
not commute with the supercharge and gives rise to the fermionic central charge]^ : 

{Qa^Qp} = '^{CJf)a(3 , [Pm,Qa] = iZTm)a ■ (1-1) 

Siegel proposed a good use of this algebra that the Wess-Zumino action of the Green- 
Schwarz superstring can be obtained as a local bilinear form |^ , namely an element of the 
Chevalley-Eilenberg cohomology 0. Recently this idea has been applied to superbrane 
theories and super- D-brane theories ^ |, |TD|, |TT|. As well as a superstring these 



objects require the Wess-Zumino actions to include the kappa symmetry. The Wess- 
Zumino actions for p-branes and D-p— branes are higher rank tensors and/or containing 
U(l) fields, so integrating and obtaining their local expressions are complicated |jT2|, |13 



These complications can be simplified, if Siegel's method is used. As long as the algebra 
( p. . 1|) tells the truth in this sense, its physical interpretation will be the next question. 

It is interesting to compare the global superalgebra with the local superalgebra. In 
order to realize the global superalgebra one needs the local supersymmetry constraints 
Fq, = to remove extra fermionic degrees of freedom. They anticommute with the global 
supercharges, {F, Q} = 0, ||]. {Qa, Pm) are global charges, while {Fa, Dm) are covariant 



derivatives satisfying following algebras; 

{Fa,Fp} = -2iCp)ap , [Dm,Fa] = iWTm)a . (1.2) 
W is named the super- Yang-Mills field strength [^, |T^. It is also expected that Wa and 



Za are a global charge and a covariant derivative respectively in a larger superspace. In 
order to see the physical role of Za, it is useful to take a concrete model. For a superstring 
case charges and covariant derivatives are given in terms of space-time coordinates X and 
6, for example 

Wa ^ e'^ (1.3) 



where ' stands for the derivative with respect to worldsheet spacial coordinate a. (pT3|) 
suggests that the new fermionic central charges are realized hy Za I ^^'a- This is a 
surface term, so nontrivial Za will require nontrivial boundary values of the fermionic 
coordinates. 

Bergshoeff and Sezgin applied the Siegel's method to a M2 brane where commutators 
of supercharges and not only the momentum charge but also brane charges allow fermionic 
central extension 0. Further studies have been done for NSl (IIA,IIB) and Dl [^, for 
D3, D5 and NS5 ^ and for D2 and M5 [0. In the work on SL(2,R)RiSO(2,l) covariant 



^Q,P, Z are a supercharge, a momentum and a fermionic central charge. T and C — iV'^ are gamma 
matrix and a charge conjugation matrix, a slash represents contraction with F™, e.g. If — P„iT^^. 
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central extension 0, the momentum and the NS/NS and R/R brane charges are treated 
equally as S0(2,l) triplet elements. Then the S0(2,l) triplet fermionic central charges 
appear. It was shown that there exists the Rarita-Schwinger type constraint on the new 
fermionic central charges and one of the triplet elements is redundant. In other words, 
the momentum or the brane charge can be chosen to be super-invariant. In this paper we 
will consider the super-invariant momentum and the super-noninvariant brane charges. In 
0, 1^, ^, |TD|, |rT| the super-noninvariant momenta can be realized by introducing auxiliary 



fields. Instead, in this paper we will examine the super-noninvariant brane charges by 
introducing a nontrivial fermionic boundary condition without any auxiliary fields. 

Organization of the present paper is as follows: In section 2 we discuss the fermionic 
central extension of the superalgebra from the BPS state point of view. The Jacobi 
identity of three supercharges restricts that the commutator of the brane charge and the 
broken supersymmetry charge allows the fermionic central extension. In section 3 we will 
justify this by examining equations of motion in a suitable gauge condition. We show that 
there exists nontrivial fermionic solution which can give non-zero values of new fermionic 
brane charges. In section 4 we will also consider the supergravity coupling with this state. 
The quantum states and the vertex operators for D-branes are not known because of the 
difficulty of the soliton quantization. On the other hand classical soliton property may 
suggest how to couple with the supergravity fields. Since it is supposed that D-branes 
are static objects, the nonrelativistic approximation will be a good approximation. So 
we begin by the classical Gauss law equation, then examine its consistency under the 
broken supersymmetry. The unbroken supersymmetry transformation of a purely bosonic 
soliton solution has been studied in |TB[. Usually, including this reference, the fermionic 



supergravity fields are set to be zero. However we rather consider nontrivial fermionic 
supergravity fields. It turns out that there can be nonzero dilatino fields whose some 
mode couple to the new fermionic brane currents. 



2 BPS state with new fermionic brane charges 



We begin by a D-string case |^ as a simplest example. The D-string superalgebra is 
given byQ 

{QaoiQep} = —'^{CEG)AaBl3 , = (lAB-Pm " . (2.1) 

Concrete expression of the global supercharges, the total momenta and the brane charges 



are 



QAa = f da e^'T,-leTT,e'-eT -leve'-eTr.Ua , 

J 

Pm = Jdapm , (2.2) 
= gM da X'^ = q\Xp-XjU , (2.3) 



^Notation follows where {X,6) are space-time coordinates and their conjugates are (p, C)- 
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where apj are D-string end points. The massiveness of a D-string is reflected to its infinity 
length of S ~ L\l^oo- 

One may notice that there is no way to centrally extend of [P, Q] , 



[Pm,Q] 



J da2 82 (^J dai5{ai - cis)) 9 mTq = 



(2.4) 



with Tg = qWj = q'^'^T^ + q^Ti (I=NS,R or 3,1). On the other hand, the brane charges 
allow to have the central extension in a commutator with the supercharges: 



(2.5) 



^LQ = -QJ dai di i^j da26{(r2)TmS{ai - ^2, 
Now Z may be interpreted as a fermionic brane charge 

pap _ _ _ 

= q^ da 9' = q^Op - Oj) . 

Jar 



(2.6) 



This charge will be infinity volume Z ~ L-tjIl^oo with a constant spinor t], as same as a 
usual bosonic brane charge because the supertranslation does not change the volume in 
general. 

The superalgebra ( p.l|) shows that a D-string ground state is BPS saturated where 
1/2 supersymmetry are broken. The right hand side of the ( p.lD is a projection operator 



CE 



G 



-2iMV- 



M = Tg L 



(2.7) 



with a D-string mass M, a D-string tension Tg = y (q^)'^ and a string length L, and 
supersymmetry (SUSY) charges are projected into unbroken SUSY charges (Q) and broken 
SUSY charges (S) 



Q 



Q 
S 



in such a way that 



then 



{Q,Q} = = {Q,5} , {5,5} ^0 



Q|0) = , 5|0) ^0 



(2.8) 



(2.9) 



(2.10) 



for a ground state |0). The projection operators V± defined as ( |2.7| ) become simple formQ 
for a ground state in the static gauge 



(Io/jIaB ± (roi)a/3(Tg)AB) , = Tq/\Tq 



(2.11) 



Gamma matrices is denoted as T^' 



antisymmetrized m 
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It is shown that the central extension ( p.5|) is possible only for broken SUSY 
since 

P™, Qa] = 

from the Jacobi identity of three Q's by using with (|2.9|) 

= - {Q'r,Qia},Qp) 

The algebra discussed above is summarized as follows: 



with A(^aBf3) 



{Q,Q} = {Q,S} = 

[K, Q] = 

[Pm, Q] = 



{S,S} 



-2CEg 



(2.12) 



(2.13) 



(2.14) 



(2.15) 







3 Gauge fixing and the equation of motion 



We examine the equation of motion in a suitable gauge condition and will find the 
ground state solution to give the algebra ( |2.15| ). In addition to the static gauge, we impose 
the following gauge condition 

e+ = v+e = o (3.1) 

by using the kappa invariance. The local superalgebra for a D-string is given by ||19i 



{FAa{ai),FBp{a2)} 



where 



2{CE)Aa Bl3io-i)5{ai - CT2) , 



1 



(3.2) 



Pm 
(Ill)m 



C + e{p -i^ir,) - -{ere' ■ evrg + err^e' ■ er) 

Pm + eVrnTge' , 

X' — eVrne' . 



(3.3) 



S is a rank half and nilpotent operator so that a half of F are first class constraints 
Fau = {FE)Aa = generating the kappa symmetry and another half are second class. 
The counting of the physical degrees of freedom is following: The degrees of freedom of 
e^" and Cao are 16 x 2 x 2. The number of the second class constraints is 16. The number 
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of the first class constraints is 16, and the one for the gauge fixing conditions is 16. So 
totally surviving degrees of freedom are 16 x 2 x 2 — (16 + 16 x 2) = 16, so 8 6''s and 8 C's 
are physically dynamical variables. 

For a ground state in the static gauge, the right hand side of the (|3.2|) becomes the 
same form of the unbroken SUSY projection operator CS = —2iMV- of ( p.ll| ). This 
coincidence occurs to guarantee the universal property, {Q, F} = 0. In order to solve 
BPS fermionic solutions exphcitly, we restrict ourself to discuss only on the ground state 
in the rest of this section. It should be noticed that the kappa projection is not CE but 
S. The kappa symmetry is generated by 

j Fk = J FEk = J FV+{2MV^k) = J FV+K+ , (3.4) 

therefore the kappa parameter is projected along the unbroken SUSY direction. The gauge 
condition ( |3.1| ) can be possible by using the kappa transformation with 5^6'+ = k+ = —6+. 



Under the global translation, Xm is transformed as 6aXm = cim ■ Analogously under 
the global SUSY, 6'_ is transformed 6^0 _ = e_, while 6*+ = is preserved by the kappa 
transformation (5^ + 5^)6'+ = e+ + k+ with k+ = — e+. In this gauge is transformed 
under the global SUSY and the kappa transformation 

{6, + (5^)X™ = e_r"^^_ + e+r™^_ - R+T'^e^ = e^r"'e_ + 2e+r'"0_ , (3.5) 

where e_ is nothing but the broken SUSY parameter. Of course the static gauge is always 
recovered by the reparametrization invariance. The transverse coordinates X* and 9- 
are Nambu-Goldstone modes associated with the broken translation invariance and the 
broken supertranslation by a brane pD|. 



The action for a D-p-brane is 



/ = - 1 rf^+V L = - J (F+^a T^- det(G^, + j;,,) + Cw 
G^u = ^^^um , = d^X"^ — OV^d^O , T^iy = F^y — l^^^^^j 



(3.6) 



= -(^r™r^9^^)(n,^ + i^r„9,0) (/ = i,3). 



In the fermionic gauge V^Q = 6^+ = and the static gauge X^ = a^, = 0, 1, ■ ■ it 
becomes 

G^u = 7]^,-e-T^^d,^e^ + {e^T^d^e-){e-T,d,e^) + d^<f)'d,<f)' (3.7) 

where i = p+ 1, ■ ■ ■, 9 are perpendicular modes to a p-brane. It is used that [V±, GT^] = 
0, P±(CT*) = (CT*)Pzp and [P±,Tg] = 0. The expression of the Dirac-Born-Infeld part is 
available for all p. In this section we take Dl case as an example where the Wess-Zumino 
part is given by 

^wz\p=i = Te^Tlji^j^ , (3.8) 
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and we will discuss general D-p-brane cases in the last section. Under an arbitrary varia- 
tion of 59_ it becomes 

TC 

5L = --G^^'SG.^ + q^e>"'Sni^ (3.9) 

2./-det(G' + ^) 



SG^, = -i59^T(^^d,)9^-d(^^69^T,)9^) 

+2{69^TPd^9_){9_TpdJ^) - 2{d^69_TP9_){9_T,A9-) 
q'6Ql, = -{69^r,Tgd^9^-d^69^r,r,9^) 

+^{{69^T%d,9^){9^T,d,9^) - {d,69^TpT,9^){9^Tpd,9^] 



^TPd^9_){9_TpT^d,9_) + {d^69_Tf'9_){9_TpT,d,9_)} . 

For a ground state where Gf^i, and J-'^u are constant and terms in 0{9^) vanishes, the 
equation of motion 6L/69^ = becomes quite simple 

r^(r?^'^ - = (3.10) 

where are given by 

„NS _ _ j^l _ rp :Foi 

^-dot{G+r) (3,11) 

q = q = I 

and we use (q^)^ = T'^G / det(G' + JF). If we take the following ground state ansatz 

9^ = aQ (3.12) 



with a constant spinor B, then the equation of motion (|3.1CI|) reduces into 

(Fi - f,ro)9ie_ = ri(i + f,roi)e = o . (3.13) 

Then there exists nontrivial ground state solution of 9- as the form of ( p.l2| ) with 

P+0 = O . (3.14) 



The boundary term of the equation motion also allows the solution (|3.12|) 

r^(r7'^"- V''')^-|boundary = . (3.15) 

As a result there can be a fermionic brane charge for this solution 



Zi = q' I ' da9'_^ = q'L Q^Il^oo • (3.16) 



It is natural to set the volume of Z to be infinity, since it is obtained from infinity volume 
brane charge S by the supertransformation. 

The choice G = or 0_ =const. brings back to the usual Super- Poincare algebra 
which is usually considered as a ground state solution. 
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4 Supergravity coupling 



A D-string is described by the NS/NS and R/R worldvolume currents: 

{J')^\x) = q' J drda drX^''d^X'^6^^''\x-X{r,a)) . (4.1) 



In this section we take a "nonrelativistic gauge" X^ = r ((9t-X° = 1) ^T| rather than the 
static gauge, in order to keep a spacial rotational symmetry. The static property, equally 
nonrelativistic property, of D-branes is assumed. For these objects the spacial covariance 
will be a suitable guiding principle to determine the background coupling. To preserve 
this gauge, additional restriction is imposed on 6'_: 

5,_(9,X° - 1) = e_r°9,0_ = dre^ = . (4.2) 

The worldvolume currents ( |4.1j ) are related to the brane charge as 

J d^x{J^f''\x) = J d^x q^ J drda drX^d^X''' 6^^\x - X)5(x° - r) 
= q^ J da d^X"" 

= i^Tir) (4.3) 

in the nonrelativistic gauge. 

The currents ( |4ri| ) are sources of two form gauge fields B^^. In a flat background if 
we put a test D-brane, field equations for B^^ become 

d\H')imn{x) = {J%n{x) (4.4) 

where Hj^^ are fluctuations. 

Now let us consider the broken supersymmetry transformation of (|4.4| ). Because the 
brane charge (S^)"* transforms into the fermionic brane charge (Z^)" under the broken 
supersymmetry and because of ( [4.3|) , a bosonic brane current (J^)"^^ also transforms into 
a fermionic brane current (JT^)"*" : 

SeM'r^ix) = (l' I drda (^.^..Xl^S^X"! + drX^'^dJ,_X''^) d^'^'^x - X) 
= -q^ I drda drX^'^dJ^T''h^6^^°\x - X) 

= -(J0[™l"l(x)(r"le_), . (4.5) 

It is noted that under the broken supersymmetry brane coordinates transform into S^^X^ = 
g -pm^^ _ _0_Y'me_. The fermionic currents J/""^" 

iJ^T'^ix) = q^ J drda drX''dJ'^S^^^\x - X(r,a)) (4.6) 
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are also conserved currents 

5n(J0""(a;) = J drda drX''dJ'^dJ^^^\x - X{T,a)) 

= -q' j drda djl{^^)6^''\x - X{T,a)) 

= J drda drdJ''J^^^\x - X{T,a)) = , (4.7) 
and are related with the fermionic charges (Z^)" as 

J d^x^J^f^x) = q^ Jda dj^ 

= (Zrir) . (4.8) 

If the right hand side of the equation ( |4.4| ) transforms under the broken supersym- 
metry of the brane, the left hand side should also transform. In another word the total 
supersymmetry charge is sum of the supergravity part and the brane part. Transformation 
rules of supergravity fields are given in , and 



6,{B')mn = (2^[™r„] - XTmnye, (4.9) 

where is a gravitino and A is a dilatino. In the first order of this test brane perturbation 
the background metric is not affected, since the energy momentum tensor which is a 
source of the metric contains square of H as the fluctuation. So gravitinos must be set 
to zero 1pm = because S^e^ ~ 'ipm^"'^ = 0. In order to have nontrivial transformation 
rule of with the broken SUSY parameter e_, we will consider nonzero A+ so that 
6Boi = — A+roire_ 7^ as their fluctuations. 

Under the broken global SUSY a dilatino does not transform S^X ~ (90, H) ■ Fe = 
in a fiat background ((90 = 0,H = 0). Then the left hand side of ( [4. 41) transforms into 

= -^(□A+r[„r^)r„]e_ (4.10) 



in the Lorentz gauge d"^Bmn = 0. As a result of ( [4.5|) and (|4.1CI| ), under the broken SUSY 
([4.41) transforms into 



1 / — r \ O T 



-(□A+r^r-j (x) = (:rO""(x) . (4.11) 

Therefore this new fermionic brane charge becomes a source of dilatino fields. 

It is also confirmed that another current does not follow. Even if one more broken 
supersymmetry is performed on the fermionic brane current, it vanishes by 



5,SJ^Y'' = q^ J dr9^_dj'l 5(^°)(x - X) (r"e_);3 = . (4.12) 

This concludes that a D-string action allows the fermionic brane currents coupled with 
some modes of dilatino fields as well as the usual brane current coupling B^nJ^^, when 
a D-string has a nontrivial fermionic boundary condition. 
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5 Discussions 



Generalization to arbitrary D-p-branes is straightforward. The global supersymmetry 
and the local supersymmetry algebras for D-p-branes are given in [|T2], [T^, as the same 
form as and ( |3.2| ). The projection has the form of 

V± = \{l±t) , (5.1) 

and r is replaced by suitable p-brane projection Foi-.-pfp. For example V = TqTu for 
DO, r = rorir2 for D2 and so on. By using with these projection operators, global 
supersymmetry charges are separated into broken supersymmetries and unbroken super- 
symmetries. Breaking 16 supersymmetry, S\0) ^ 0, gives rise to 16 Nambu-Goldstone 
fermions = V-6. Half of this, i.e. 8 6'_'s are dynamical and the rest are non-dynamical 
by the equations of motion in the excited states. Another set of 16 fermionic coordinates 
are gauged away 6+ = V+6 = by using the kappa symmetry generated by the first class 
constraints F = 0. 

Equations of motions can be analyzed analogously. In the same static gauge fixing 



condition = of ( |3.1|) with and X'^ = a^, equations of motions are given as 



,u ^ e^''- ''-^'^r,,...,^_,(fp)/(p - 1)! dj. = , (5.2) 



and the nontrivial ground state solution of ( |3.12|) can be extended as 

9. = Y.aiei (z = i,---,p) with v+ei = o . (5.3) 

For D-p-brane cases, brane charges are p-rank tensors. Each commutator with the broken 
supersymmetry charges replaces a vector index of the brane charges by a spinor index. 
When 6'_ has nontrivial solution of ( |5.3|) , totally p + 1 kinds of brane charges with vector 
indices or spinor indices have nonzero values. For example a D2 brane carries totally 3 
kinds of brane charges, among which 2 kinds of bosonic brane charges S^n and Zajj are 
obtained in the static gauge as 

Si2 = TL2 , Z,^ = TL^Gk^ 62^) , (5.4) 

and 1 kind of fermionic brane charg obtained as 

The supergravity coupling will follow the argument of the section 4 replacing Bmn by a 
p + 1-rank gauge field Cmi- -mp+i for a D-p-brane respectively. 

It is curious that considering that the equation (^4.11|) is second order although usual 



equation of motion for a spinor field is first order. Even in a fiat background this fermionic 
brane current will couple to some mode of dilatino. So the coupling will be with the dilaton 
potential mode [p/n)X or nonlocal. Further studies are necessary to clarify these points 
and to apply many other systems. 
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